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Abstract
We study the minimality properties of a new type of “soft” theta functions. For a lattice
L ⊂ Rd, a L-periodic distribution of mass µL and an other mass νz centred at z ∈ Rd, we define,
for all scaling parameter α > 0, the translated lattice theta function θµL+νz (α) as the Gaussian
interaction energy between νz and µL. We show that any strict local or global minimality result
that is true in the point case µ = ν = δ0 also holds for L 7→ θµL+ν0(α) and z 7→ θµL+νz (α) when
the measures are radially symmetric with respect to the points of L∪{z} and sufficiently rescaled
around them (i.e. at a low scale). The minimality at all scales is also proved when the radially
symmetric measures are generated by a completely monotone kernel. The method is based on
a generalized Jacobi transformation formula, some standard integral representations for lattice
energies and an approximation argument. Furthermore, for the honeycomb lattice H, the center
of any primitive honeycomb is shown to minimize z 7→ θµH+νz (α) and many applications are
stated for other particular physically relevant lattices including the triangular, square, cubic,
orthorhombic, body-centred-cubic and face-centred-cubic lattices.
AMS Classification: Primary 74G65 ; Secondary 82B20,
Keywords: Theta functions, Lattice energies, Crystal, Defects, Calculus of variations.
1 Introduction
The mathematical justification of crystal’s shape and formation is a very difficult problem which
has been actively studied (see [19] and references therein). Indeed, the analytic or numerical
investigation of static many-particle Hamiltonian’s ground states plays a central role in the design
of materials (see e.g. [59]), but the large number of critical points as well as the nonlinearities
emerging from the corresponding systems make this mathematical investigation very challenging.
Thus, a first natural step is to study systems that are already in a periodic order and where
the interaction between points is given by a radially symmetric potential. These potentials arise
in physics models of matter (see e.g. [47, 49]) in the case of the Born-Oppenheimer adiabatic
approximation: the electrons effects are neglected, the energy is reduced to the nuclei interactions
(see [56, p. 33]), and two-body potentials are the simplest way to express the total potential energy
of the system (see [56, p. 945]).
This problem of minimizing a potential energy per point of the form
Ef [L] :=
∑
p∈L
f(|p|2),
where L is a Bravais lattice (see also Definition 2.4), which is the most simple possible periodic
configuration of points, has received a lot of attention, especially in the following cases: Lennard-
Jones type potentials [7, 8, 9, 18], Morse potential [10], two-dimensional Thomas-Fermi model for
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solid [16], Coulombian renormalized energy [15, 61, 62], completely monotone interaction potentials
[7, 26, 28], Bose-Einstein Condensates [2, 53], diblocks and 3-blocks copolymer interactions [24, 50],
vortices in quantum ferrofluids [51], inverse power laws (Epstein zeta function) [23, 31, 32, 34, 35, 36,
58], and also in more general settings [14, 33]. An important mathematical object, which appears
to be central in this theory (see e.g. [7, 26]), is the lattice theta function. Given a d-dimensional
Bravais lattice L, a scaling parameter α > 0 and a point z ∈ Rd, we define the lattice theta function
and the translated lattice theta function by
θL(α) :=
∑
p∈L
e−piα|p|
2
and θL+z(α) :=
∑
p∈L
e−piα|p+z|
2
. (1.1)
Physically, θL(α) can be viewed as the Gaussian self-interaction of L and θL+z(α) as the Gaussian
interaction between point z and lattice L. They actually are the energies per point of the so-called
Gaussian Core Model (GCM) restricted to lattices. This model was initially introduced by Stillinger
[65] and motivated by the Flory-Krigbaum potential between the centers-of-mass of two polymer
chains in an athermal solvent [42]. The phase diagram of the three-dimensional GCM has been
numerically investigated for example in [69]. Furthermore, two different problems concerning (1.1)
appear to be quite natural once α > 0 is fixed:
• the minimization of L 7→ θL(α) among d-dimensional Bravais lattices with the same density;
• the minimization of z 7→ θL+z(α) among vectors z ∈ Rd, where L is fixed.
These minimization problems have been studied by many authors, see e.g. [3, 9, 11, 13, 25, 26,
28, 33, 34, 37, 38, 39, 40, 41, 52, 54, 60, 64], and two of the most significant results are due to
Montgomery [52] – who proved the minimality of the triangular lattice for L 7→ θL(α) among
two-dimensional Bravais lattices of any fixed density – and Cohn, Kumar, Miller, Radchenko and
Viazovska [28] – who recently proved the minimality among all periodic configurations with the
same density of E8 and the Leech lattice in dimensions d ∈ {8, 24}. Furthermore, in [11], the
minimizer of the translated theta function z 7→ θL+z(α), for a fixed lattice L, has been also proved
to be connected to the optimal electrostatic interaction (and more general long-range weighted
interaction energies) between periodic distributions of charges located on L, solving a conjecture
stated by Born in [21] about the optimality of the rock-salt structure.
Since polymer chains can be seen as soft interpenetrable spheres with an extent of the order
of their radius of gyration (see [49, Sect. 3]), we propose a generalization of the periodic GCM to
mass interactions, in the same spirit as it has been done in dimension d = 2 in [12] with Knu¨pfer.
We want to study the minimality properties of lattices L and points z for a kind of “soft GCM”
(SGCM), where the objects are smeared out. Furthermore, these mass interaction energies can
also be viewed as the expectation values of the lattice theta function and translated lattice theta
function defined by (1.1) where the position of the lattice points (resp. the position of z) follow a
radially symmetric probability distribution µL (resp. νz). We therefore define (see also Definition
2.7) the translated soft lattice theta function by
θµL+νz(α) := Eµ,ν [θL+z(α)] =
∑
p∈L
∫∫
Rd×Rd
e−piα|x+p−z−y|
2
dµ(x)dν(y).
The main goal of this paper is to derive some minimality properties of lattices L and points z
for (L, z) 7→ θµL+νz(α), where α > 0 is fixed, generalizing our previous work [12] to the Gaussian
interaction potential in all dimensions. In particular, the idea is to link the critical points, strict
local minima or global minima of (L, z) 7→ θL+z(α) with those of (L, z) 7→ θµL+νz(α).
Minimizing L 7→ θµL+ν0(α) and z 7→ θµL+νz(α) can be interpreted in terms of ”defects” in the
periodic SGCM. Thus, we want to understand at which scales the type (i.e. the profile of µ, ν) or
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the size (i.e. the size of the ball containing almost all the mass of the measures) of the defects do not
play any role in these minimization problems. Indeed, many defects appear in perfect crystals and
they give generally to the material its properties (corrosion resistance, softness, thermal expansion,
etc.). In Solid-State Physics, two kinds of point defects are important (see e.g. Kaxiras [48, Chap.
9]):
1. the extrinsic defects, such as a substitutional impurity, corresponding to z = 0 in our model.
An atom in a perfect crystal is substituted by another one of the same kind (µ = ν) or of
a different kind (µ 6= ν). This impurity is usually chemically similar to the crystal’s atom,
with a similar size. We are looking for the minimizer of L 7→ θµL+ν0(α), i.e. the Gaussian
interaction between the mass ν0 centred at the origin and all the masses µL centred at lattice
sites, among a class of lattices with the same density. This also includes the energy per point
of the perfect crystal itself when µ = ν (see the top line of Figure 1);
2. the intrinsic defects, such as an interstitial defect, corresponding to z 6= 0 in our model. An
additional atom is located somewhere in the unit cell of the crystal (but not at a lattice site)
and is generally smaller and chemically different than the crystal’s atoms. We are looking for
the minimizer of z 7→ θµL+νz(α), i.e. the Gaussian interaction between the mass νz centred
at z and all the masses µL centred at lattice sites (see the bottom line of Figure 1).
Figure 1: Example of different kinds of defects. The lattice is L = Z2 and the masses are all
Gaussian, with different variances. We have chosen to represent only the primitive cell QZ2 . On
the top: the case without defect µ = ν and z = 0 (left), and the case of an extrinsic defect µ 6= ν
and z = 0 (right). On the bottom: the case of a intrinsic defect µ 6= ν and z 6= 0.
Using the methods developed in [12] extended to the d-dimensional case and to the translated
lattice theta function, we show that for any measures µ, ν and any α > 0, we can rescale the
measures around the points by sufficiently small factors ε and δ, getting two new measures µε and
νδ, such that any strict local or global minimality result which is true for (L, z) 7→ θL+z(α) is also
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true for (L, z) 7→ θµεL+νδz (α). We will say that the minimality is true at a low scale. In other words,
there is a difference of scale between the lattice spacing and the radius of the balls where most of
the masses are concentrated such that the measures (or the “defects”) do not play any role in terms
of strict local or global minima. Furthermore, if µ and ν have densities of the form x 7→ ρ(|x|2)
where ρ is the Laplace transform of a nonnegative Borel measure (ρ is a completely monotone
function), then the optimality occurs at all scales, i.e. for all such measures. As in [12], our results
are purely qualitative: we do not give any value of ε and δ such that the properties hold. However,
it is interesting to see that, once (ε, δ) are below some threshold values (ε0, δ0), then the desired
minimality occurs whatever the quotient ε/δ is. Furthermore, a numerical investigation have been
made in [12, Remark 14] for the triangular lattice case with uniform measures on disks, showing
that the strict local minimality of the triangular lattice proved for small values of the parameters
(ε, δ) certainly does not hold when these parameters are too large.
We notice that, as recalled in [12], this type of minimization problem involving smeared out
particles appears in many physical and biological systems as condensed matter theory [46], quantum
physics models [17], diblock copolymer systems in the low volume fraction limit [55], magnetized
disks interactions [44] and swarming or flocking related models [4, 5, 22, 67].
We have also devoted a complete section of the paper to the applications of our results. They
mainly are corollaries of minimality results obtained in previous works in the point case µ = ν = δ0,
i.e. for the lattice theta function and the translated lattice theta functions defined by (1.1), for some
particular physically relevant lattices. We thought it was a good opportunity to review all those
results in this paper in order to know what are the main open problems associated to these soft
theta functions. Furthermore, we show that the minimum of z 7→ θH+z(α), where H is a honeycomb
lattice (see (2.7) and Figure 4), is the centre of an honeycomb of H, and the same is therefore true
for the smeared out cases previously stated.
In terms of generalization, it appears to be straightforward that all the results in this paper can
be proved for more general energies of the form
Ef [µL + νz] :=
∑
p∈L
∫∫
Rd×Rd
f(|x+ p− z − y|2)dµ(x)dν(y),
where f is a L1 completely monotone summable function, as the one we have studied in [12]. Since
our original goal was to study a new kind of theta functions that could have other applications in
Number Theory and Mathematical Physics, we did not extend our results to these types of energies.
The reader can refer to [12] for details. Furthermore, we could also write all our results for periodic
configurations instead of Bravais lattices, where the threshold values of ε and δ then also depends
on the number of point per unit cell of L. Since the only results we prove in this paper is for the
honeycomb lattice, we have chosen to avoid a too high degree of generality and technicality for the
proofs.
Plan of the paper. After giving the definition of lattices, energies, measures and minimality at
a low scale and at all scales in Section 2, we show some preliminary results in Section 3, including
the generalized Jacobi transformation formula. Our main results are stated and proved in Section
4 and many applications are given in Section 5, where the minimality of the primitive honeycomb’s
center in the honeycomb lattice case is also proved.
2 Definitions
We start by defining the space of Bravais lattices with a fixed density as well as their unit cells and
the notion of dual lattice. We call (ei)1≤i≤d the orthonormal basis of Rd, |.| the euclidean norm on
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Rd, u·v the associated scalar product of u, v ∈ Rd and Br the closed ball of radius r > 0 and centred
at the origin. Furthermore, we write Md(R) the space of n× n matrices with real coefficients.
Definition 2.1 (Bravais lattice). Let d ≥ 1. We call L◦d the space of d-dimensional Bravais lattices
of the form L =
⊕d
i=1 Zui with basis (u1, ..., ud) ⊂ Rd and covolume 1, i.e. det(u1, ...., ud) = 1.
The unit cell (of volume 1) of such Bravais lattice L is defined by
QL :=
{
x =
d∑
i=1
λiui ∈ Rd, λi ∈ [0, 1)
}
. (2.1)
Furthermore, the dual lattice of L ∈ L◦d is defined by
L∗ := {x ∈ Rd : ∀p ∈ L, x · p ∈ Z} ∈ L◦d.
We also recall the definitions of the following important lattices belonging to L◦d (see also Figure
2):
The triangular lattice Λ1 :=
√
2√
3
[
Z (1, 0)⊕ Z
(
1
2
,
√
3
2
)]
; (2.2)
The (simple) cubic lattices Zd, d ≥ 1; (2.3)
The orthorhombic lattices Zda =
d⊕
i=1
Z(aiei), ∀i, ai > 0,
d∏
i=1
ai = 1; (2.4)
The Face-Centred-Cubic (FCC) lattice D3 := 2
− 1
3 [Z(1, 0, 1)⊕ Z(0, 1, 1)⊕ Z(1, 1, 0)] ; (2.5)
The Body-Centred-Cubic (BCC) lattice D∗3 := 2
1
3
[
Z(1, 0, 0)⊕ Z(0, 1, 0)⊕ Z
(
1
2
,
1
2
,
1
2
)]
. (2.6)
Figure 2: Representation of the triangular and square lattices Λ1,Z2 (first line), the simple cubic,
FCC and BCC lattices Z3,D3,D∗3 (second line), and the orthorhombic lattice Z3a (third line).
These lattices are physically relevant because they correspond to the main crystal structures
that exist in nature (see [48, p. 8-9]) which are Bravais lattices. Notice for instance that among
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the 118 known elements, 21 (resp. 26) have a BCC (resp. FCC) structure. We will also consider
the honeycomb lattice H defined by
H := Λ1 ∪ (Λ1 + u), u :=
√
2√
3
(
0,
2√
3
)
, (2.7)
and we call H one of its primitive hexagons (see Figure 4). This is a typical example of periodic
configuration, i.e. an union of translated Bravais lattices, that arises in Physics (e.g. as the structure
of a graphene sheet). Furthermore, we define D4, E8, D
+
d and the Leech lattice as in [30]. It turns
out that these lattices have many interesting properties related to energy minimization or packing
(see for instance [27, 28, 33, 34, 64, 68]).
As explained in [66, Sect. 1.4] (see also [14, p. 14]), any lattice L ∈ L◦d can be parametrized by a
point L¯ = (x1, ..., xnd) ∈ Rnd , where nd := d(d+1)2 −1, in a fundamental domain Dd where each lattice
of L◦d appears only once. Thus, as in [12], the metric on Dd is chosen as the euclidean metric on Rnd ,
d(L,Λ) denotes the euclidean distance between two lattices L,Λ ∈ Dd and Br(L) denotes the open
ball of radius r centred at L. We write E ∈ Ck(Dd) if E : Dk → R is k-times differentiable with
respect to the variables (x1, ..., xnd). We denote the gradient of E by ∇E[L] := (∂x1E, ..., ∂xndE)[L].
The Hessian D2E ∈Mnd(R) is defined as the nd×nd real matrix of second derivatives with respect
to x1, ..., xnd . D
3E is correspondingly the tensor of all third derivatives. The notions of strict local
minimizer and critical point in Dd is defined as follows:
Definition 2.2. Let d ≥ 1 and E : Dd → R. We say that L is a strict local minimizer of E in Dd
if there is η > 0 such that E[L] < E[L˜] for all L˜ ∈ Bη(L). Furthermore, L is a critical point of E
in Dd if ∇E[L] = (0, ..., 0).
Let us now focus on the interaction potentials we want to consider throughout this paper. Even
though the main interaction potential will be the Gaussian one, it turns out that we will use many
properties of more general lattice energies. We define two classes of functions that can be written
as the Laplace transform of a measure.
Definition 2.3. Let d ≥ 1. We say that f ∈ Fd if |f(r)| = O(r− d2−σ) as r → +∞ for some σ > 0
and if f can be represented as the Laplace transform of a Radon measure µf , i.e.
f(r) =
∫ +∞
0
e−rtdµf (t).
Furthermore we say that f ∈ CMd if f ∈ Fd and µf is nonnegative.
Furthermore, the energy per point of any L ∈ Dd interacting through a radial potential f ∈ Fd
is defined by an absolutely convergent sum as follows.
Definition 2.4 (Energy per point). Let d ≥ 1, L ∈ Dd and f ∈ Fd, then we define
Ef [L] :=
∑
p∈L
f(|p|2). (2.8)
Because our goal is to study masses interactions, we need to specify what kind of measures
we are working with. We note P(Rd) the space of probability measures on Rd and Pr(Rd) the
space of probability measures on Rd that are rotationally symmetric with respect to the origin.
Furthermore, we define the following subspace of Pr(Rd):
Pcmr (Rd) :=
{
µ ∈ Pr(Rd) : dµ(x) = ρ(|x|2)dx, ρ ∈ CMd
}
. (2.9)
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Remark 2.1 (Completely monotone functions). The notations CMd and “cm” mean that ρ (or
f in Definition 2.3) is a completely monotone function, i.e. (−1)kρ(k)(t) ≥ 0 for any t > 0 and
any k ∈ N, which is indeed equivalent, by Hausdorff-Bernstein-Widder Theorem [6], for ρ to be the
Laplace transform of a nonnegative Radon measure µρ.
We now define the periodic measure µL that corresponds to the union of measures µ centred at
all the points of a Bravais lattice L.
Definition 2.5 (Periodized measure). For any L ∈ Dd and any µ ∈ P(Rd), the periodized measure
µL is defined by
µL :=
∑
p∈L
µp, where, for any z ∈ Rd, µz := µ(· − z). (2.10)
In Figure 3, we have represented two different kinds of measures µL for µ being in Pr(R2) and
Pcmr (R2).
Figure 3: Two kinds of periodic measures µL, where L = Z2. The left-side one (resp. right-side
one) is such that µ ∈ Pcmr (R2) (resp. Pr(R2)\Pcmr (R2)).
Furthermore, because we want to show the optimality of the previously defined lattices where
the masses are sufficiently concentrated around the lattice sites, we define the rescaled measure as
follows.
Definition 2.6 (Rescaled measure). Let d ≥ 1. For any µ ∈ P(Rd) and any ε > 0, the rescaled
measure µε is defined, for any measurable set F ⊂ Rd, by
µε(F ) := µ(εF ). (2.11)
We write µεL and µ
ε
z the corresponding rescaled measures of µL and µz defined by (2.10).
We finally define the main energies that we are studying in this paper: the translated soft lattice
theta function. It corresponds to the Gaussian interaction energy of the measure µL with itself or
with an other measure νz located at z ∈ Rd, and are therefore a generalization of the lattice and
translated lattice theta functions θL(α) and θL+z(α) defined by (1.1).
Definition 2.7 (Translated soft lattice theta functions). Let d ≥ 1. For any L ∈ Dd, any µ, ν ∈
P(Rd), any z ∈ Rd and any α > 0, we define the translated soft lattice theta function of µL by the
measure νz by
θµL+νz(α) :=
∑
p∈L
∫∫
Rd×Rd
e−piα|x+p−z−y|
2
dµ(x)dν(y). (2.12)
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Remark 2.2 (Energy of a periodic configuration). If L is a periodic configuration, i.e. a finite
union of Bravais lattices L =
⋃P
i=1(Λ + vi), (v1, ..., vP ) ∈ (Rd)P , P ≥ 2, the definition of the
translated soft lattice theta function of µL by νz is
θµL+νz(α) =
1
P
P∑
i=1
P∑
j=1
∑
p∈Λ,
p6=0 if i=j
∫∫
Rd×Rd
e−piα|p+vi−vj+x−z−y|
2
dµ(x)dν(y).
In particular, the energy of the honeycomb lattice H = Λ1 ∪ (Λ1 + u) is
θµH+νz(α) =
1
2
(
θµΛ1+νz(α) + θµΛ1+νz+u(α)
)
. (2.13)
Remark 2.3 (Special cases). We notice that:
• For any µ ∈ P(Rd), any L ∈ Dd (or any periodic configuration) and any α > 0, it turns out
that the self-interaction of µL is θµL+µ0(α) (i.e. when ν = µ and z = 0).
• If µ = ν = δ0, then θµL+ν0(α) = θL(α) and θµL+νz(α) = θL+z(α) as defined in (1.1).
• The translated soft lattice theta function for the rescaled measures µε and νδ is given by
θµεL+νδz (α) =
∑
p∈L
∫∫
Rd×Rd
e−piα|x+p−z−y|
2
dµε(x)dνδ(y).
The goal of this work is to study minimization problems for L 7→ θµL+ν0(α) in Dd – which
includes the self-interaction of µL – and z 7→ θµL+νz(α) in QL for fixed L, at different scales. We
therefore precise what we mean by being critical or minimal at a low scale and at all scales.
Definition 2.8 (Criticality and minimality at all scales and at a low scale). Let d ≥ 1 and µ, ν ∈
P(Rd), then:
1. We say that L0 ∈ Dd is a critical point or a (strict local) minimum of L 7→ θµL+ν0(α) at all
scales on Dd if, for any α > 0, L0 is a critical point or a (strict local) minimum on Dd of
L 7→ θµL+ν0(α).
2. Let α0 > 0 be fixed. We say that L0 ∈ Dd is a critical point or a (strict local) minimum
of L 7→ θµL+ν0(α0) at a low scale on Dd if there exist ε0 > 0 and δ0 > 0 such that, for
any ε ∈ [0, ε0) and any δ ∈ [0, δ0), L0 is a critical point or a (strict local) minimum of
L 7→ θµεL+νδ0 (α0) on Dd.
Furthermore, let L be fixed, then we define the same notions of critical point and (strict local)
minimality for z 7→ θµL+νz(α) of z0 in QL at all scales or at a low scale.
3 Preliminaries
It is well-known that the lattice theta function satisfies the following identity, called Jacobi Trans-
formation Formula (see e.g. [45, Thm. A] or [20] for a general formula involving harmonic polyno-
mials): for any L ∈ Dd, any z ∈ Rd and any α > 0,
θL+z(α) :=
∑
p∈L
e−piα|p+z|
2
=
1
α
d
2
∑
q∈L∗
e−
pi|q|2
α e2ipiq·z. (3.1)
We generalize this formula to mass interaction in the following result.
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Proposition 3.1 (Generalized Jacobi Transformation Formula). For any d ≥ 1, any L ∈ Dd, any
µ, ν ∈ Pr(Rd), any z ∈ Rd and any α > 0, we have
θµL+νz(α) =
Γ
(
d
2
)2
α
d
2
∑
q∈L∗
e−
pi|q|2
α gµ(|q|)gν(|q|)
|q|d−2 e
2ipiq·z, (3.2)
where, for any m ∈ Pr(Rd),
gm(|q|) :=
∫ ∞
0
J d
2
−1(4pis|q|)s1−
d
2 dψm(s), (3.3)
and ψm is the Lebesgue-Stieltjes measure of t 7→ m(Bt), i.e. ψm([r1, r2)) = m(Br2) −m(Br1) and
Jβ is the Bessel function of the first kind.
Proof. By the classical Jacobi Transformation Formula (3.1) and Fubini’s Theorem, we get
θµL+νz(α) =
∫∫
R2×R2
∑
p∈L
e−piα|p+x−z−y|
2
dµ(x)dν(y)
=
1
α
d
2
∫∫
R2×R2
∑
q∈L∗
e2ipiq·(x−y−z)e−
pi|q|2
α dµ(x)dν(y)
=
1
α
d
2
∑
q∈L∗
e−
pi|q|2
α e−2ipiq·z
(∫
R2
e2ipiq·xdµ(x)
)(∫
R2
e−2ipiq·ydν(y)
)
=
1
α
d
2
∑
q∈L∗
e−
pi|q|2
α e−2ipiq·zµˆ(2q)νˆ(2q),
where mˆ is the notation for the Fourier transform of a measure m ∈ Pr(Rd). We now recall that
mˆ is given by the Hankel-Stieltjes transform (see e.g. [29, Section 2]), i.e. for any x ∈ Rd,
mˆ(x) =
∫
R2
e−ipix·ydm(y) =
2
d
2
−1Γ
(
d
2
)
|x| d2−1
∫ ∞
0
J d
2
−1(2pis|x|)s1−
d
2 dψm(s), (3.4)
where ψm is the Lebesgue-Stieltjes measure of t 7→ m(Bt), and the proof is completed.
Remark 3.2 (Value at the origin and connection with our previous work). The value for q = 0 is
well-defined. Indeed, using the Taylor expansion of J d
2
−1 (see e.g. [1, Eq. (9.1.30)]) and the fact
that ψm ∈ P(R+), we obtain
lim
q→0
Γ
(
d
2
)2 e−pi|q|2α gµ(|q|)gν(|q|)
|q|d−2 e
2ipiq·z = 1.
We furthermore notice that for d = 2, z = 0 and µ = ν, we recover the formula proved in [12, Prop.
7], up to a factor 2 in the argument of J d
2
−1 that we have corrected and which does not influence
the final result.
We now give some basic facts that will be used in the proofs of our main results.
Lemma 3.3. Let d ≥ 1. If f, g ∈ Fd, then fg ∈ Fd.
Proof. If f and g have both this representation as the Laplace transform of a measure, the formula
L−1[f ] ∗ L−1[g] = L−1[fg] (see e.g. [57, Thm. 5.3.11]) shows that fg has also this representation.
Moreover, we naturally have |f(r)g(r)| = O(r−d/2−σ) for some σ > 0 as r → +∞, because it is the
case for both functions.
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The next lemma is a simple consequence of the Jacobi Transformation Formula (3.1).
Lemma 3.4. Let d ≥ 1 and α > 0, then L0 is a critical point or a (strict local) minimizer of
L 7→ θL(α) on Dd if and only if L∗0 is a critical point or a (strict local) minimizer of L 7→ θL(1/α)
on Dd . Furthermore, if L0 is the unique global minimizer of L 7→ θL(α) on Dd for all α > 0, then
L0 = L
∗
0.
The following results come from the simple fact that, for any f ∈ Fd, any L ∈ Dd and any z ∈ Rd,
Ef [L+ z] :=
∑
p∈L
f(|p+ z|2) =
∫ +∞
0
θL+z
(
t
pi
)
dµf (t),
as explained e.g. in [7, Sect. 3.1].
Lemma 3.5. Let d ≥ 1. If L0 is a critical point of L 7→ θL(α) in Dd for all α > 0, then, for any
f ∈ Fd, L0 and L∗0 are critical points of L 7→ Ef [L] in Dd.
Lemma 3.6. Let d ≥ 1. If L0 is a (strict local) minimizer in Dd of L 7→ θL(α) for all α > 0, then,
for any f ∈ CMd, L0 is a (strict local) minimizer of L 7→ Ef [L] in Dd.
Let L ∈ Dd. If z0 is a (strict local) minimizer of z 7→ θL+z(α) in QL for all α > 0, then, for any
f ∈ CMd, z0 is a (strict local) minimizer of z 7→ Ef [L+ z] in QL.
4 Main results
In this part, we generalize the results of [12] about the (strict local) minimality of a lattice for
L 7→ θµL+ν0(α), for a given α > 0, to any dimension. Furthermore, using the same strategy based
on an approximation of the quantity we sum by a completely monotone potential, we show the
same kind of results for z 7→ θµL+νz(α) where L is fixed.
It is important to notice that, by the generalized Jacobi Transformation Formula (3.2), if z = 0,
then θµL+ν0(α) is the sum of a radial potential over L
∗, i.e. an energy of type Ef [L∗] for some
f , as defined in Definition 2.4. Therefore, as shown for instance in [8, 9, 33], any lattice L such
that L∗ has enough symmetries is a critical point of the soft lattice theta function, e.g. Λ1, D3, D∗3
and Zd, d ≥ 2. It turns out that, as proved in [10, Thm. 3.2] these lattices are the only one in
dimensions d ∈ {2, 3} being “volume-stationary” for an energy of type Ef , i.e. they can be critical
point of Ef in the space of Bravais lattices of fixed density in an open interval of densities. The
following result gives some sufficient conditions for a lattice or a point, which are already critical
for the theta functions (1.1), to be critical for the soft lattice theta functions.
Proposition 4.1 (Criticality). Let d ≥ 1 and µ, ν ∈ Pr(Rd) then the following hold:
1. If L0 is a critical point of L 7→ θL(α) in Dd for all α > 0, then L0 is a critical point of
L 7→ θµL+ν0(α) in Dd for all α > 0.
2. Let L ∈ Dd. If z0 is a critical point of z 7→ θL+z(α) in QL for all α > 0, then z0 is a critical
point of z 7→ θµL+νz(α) in QL for all α > 0.
Proof. Let us prove the first part of the proposition. By Lemma 3.5, if L0 is a critical point of
L 7→ θL(α) inDd for all α > 0, then L0 and L∗0 are critical points of Ef inDd where f ∈ Fd. We claim
that there exists a Radon measure µh such that the function h defined by h(r) :=
e−
pir
α gµ(
√
r)gν(
√
r)
r
d
2−1
belongs to the set Fd, i.e. h = L[µh]. It is clear by Lemma 3.3 because h is a product of four
functions belonging to Fd, which completes the proof because L0 is hence a critical point of Eh in
Dd.
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Let us prove the second part of the proposition. Since z0 is a critical point of z 7→ θL+z(β) for
all β > 0, we obtain, using Jacobi transformation formula (3.1) and computing the derivative with
respect to zi,
∀i ∈ {1, ..., d},
∑
q∈L∗
e
−pi|q|2
β qi sin(2piq · z0) = 0. (4.1)
We recall that, by Proposition 3.1, the soft lattice theta function can be written as
θµL+νz(α) =
Γ
(
d
2
)2
4α
d
2
∑
q∈L∗
h(|q|2) cos(2piq · z), h(r) := e
−pir
α gµ(
√
r)gν(
√
r)
r
d
2
−1 . (4.2)
We now use the fact that there exists a Borel measure µh such that h = L[µh] ∈ Fd as explained
above. Therefore, integrating (4.1) against µh, where t = pi/β is the variable of integration, gives
∀i ∈ {1, ..., d},
∑
q∈L∗
h(|q|2)qi sin(2piq · z0) = 0, (4.3)
for any α > 0. It follows that ∂ziθµL+νz0 (α) = 0 for all i ∈ {1, ..., d} and all α > 0, i.e. z0 is a
critical point of z 7→ θµL+νz(α) in QL for all α > 0.
Remark 4.2 (Critical points of L 7→ θL(α) for all α > 0). It turns out that the only lattices
L0 ∈ Dd that can be critical point of L 7→ θL(α) for all α > 0 in dimensions d ∈ {2, 3} are Z2, Λ1,
Z3, D3 and D∗3, as proved in [10, Section 3].
The next result generalizes [12, Prop. 11] to L 7→ θµL+ν0(α) and z 7→ θµL+νz(α) by giving a
sufficient condition for the strict local minimality of a lattice or a point, which are already minimal
for the theta functions (1.1), in the case of masses interactions.
Theorem 4.3 (Strict local minimality). Let d ≥ 1 and µ, ν ∈ Pr(Rd). Then we have:
1. If L0 is a critical point of L 7→ θL(α) for all α > 0 and a strict local minimizer of L 7→ θL(α0)
in Dd for some α0 > 0, then L0 is a strict local minimizer of L 7→ θµL+ν0(α0) in Dd at a low
scale.
2. Let L ∈ Dd. If z0 is a critical point of z 7→ θL+z(α) in QL for any α > 0 and a strict
local minimizer of z 7→ θL+z0(α0) for some α0 > 0, then z0 is a strict local minimizer of
z 7→ θµL+νz(α0) on QL at a low scale.
The strict local minimality of L0 and z0 also holds at all scales if µ, ν ∈ Pcmr (Rd).
Proof. Let us prove the first part of the theorem. The proof is actually a straightforward general-
ization of [12, Prop. 11]. According to (3.2), it is equivalent to show the strict local minimality of
L0 for
Ehε,δ [L] :=
∑
p∈L∗
hε,δ(|p|2), hε,δ(r) = gµ
ε(
√
r)gνδ(
√
r)
(εδr)
d
2
−1 e
− pir
α0 , (4.4)
where, for any measure m ∈ Pr(Rd),
gmε(
√
r) =
∫ ∞
0
J d
2
−1(4pisε
√
r)s1−
d
2 dψm(s).
First, because L0 is a critical point of L 7→ θL(α) in Dd for all α > 0, it implies, by Proposition 4.1,
that L0 is a critical point of Ehε,δ in Dd. Second, we also know that D2Eh0,0 [L0] = D2θL0(α0) is
positive definite because L0 is a strict local minimizer of L 7→ θL(α0) in Dd. Furthermore, all the
coefficients of D2Ehε,δ [L0] are expressed in terms of Bessel functions Jm (see e.g. [1, Eq. (9.1.30)])
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and it is easy to check that D2Ehε,δ [L0] = D
2Eh0,0 [L0] +Aε,δ[L0], Aε,δ[L0] ∈Md(R), by the Taylor
expansion of Jm (see e.g. [1, Eq. (9.1.10)]) where ‖Aε,δ[L0]‖ → 0 as (ε, δ) → (0, 0) for any chosen
norm ‖.‖ on Md(R). Indeed, this Taylor expansion gives
J d
2
−1(4pisε|q|)J d
2
−1(4pitδ|q|) = |q|d−2 (1 + εj1(s, t, |q|) + δj2(s, t, |q|) + jε,δ(s, t, |q|)) ,
where j1, j2 are independent of ε, δ and jε,δ is at least of order min{ε, δ}2. Since ψµ and ψν are
both probability measures, the expansion of the second derivative is straightforward. Therefore, the
result follows by continuity of (ε, δ) 7→ Aε,δ[L0] and by the fact – following from the boundedness of
the Bessel functions Jm – that L 7→ D3Ehε,δ [L] is bounded on any ball centred at L0, independently
of (ε, δ) ∈ [0, 1]2.
Let us prove the second part of the theorem. Since z0 is a critical point of z 7→ θL+z(α) in
QL for all α > 0, we have, by Proposition 4.1, that z0 is a critical point of z 7→ θµL+νz(α0). By
Proposition 3.1, we can write, as above,
θµεL+νδz0
(α0) =
Γ
(
d
2
)2
4α
d
2
∑
q∈L∗
hε,δ(|q|2) cos(2piq · z0), hε,δ(r) = gµ
ε(
√
r)gνδ(
√
r)
(εδr)
d
2
−1 e
− pir
α0 . (4.5)
As explained in the proof of the first part of the theorem, by the Taylor expansion of Jd/2−1, it is
straightforward to prove that
D2zθµεL+νδz0
(α0) = D
2
zθL+z0(α0) +Aε,δ,z0 [L],
where Aε,δ,z0 [L] ∈ Md(R) and supz∈QL ‖Aε,δ,z[L]‖ → 0 as (ε, δ) → (0, 0), for any chosen norm ‖.‖
on Md(R). Since z0 is a strict local minimizer of z 7→ θL+z(α0), it follows that D2zθµεL+νδz0 (α0) is
positive definite for ε and δ sufficiently small, i.e. there exists ε0, δ0 such that for any 0 ≤ ε < ε0
and any 0 ≤ δ < δ0, z0 is a strict local minimizer of z 7→ θµεL+νδz (α0).
Remark 4.4. We notice that if L0 (resp. z0) is a (strict local) minimizer of L 7→ θµL+ν0(α0) (resp.
z 7→ θµL+νz(α0)) for any α0 belonging to a set of values S, therefore ε0 and δ0 only depend on the
maximum of these values.
The next result is a generalization of [12, Thm. 2 and 3] in arbitrary dimension to our translated
lattice theta function and gives a sufficient condition for the global minimality of a lattice in Dd or
a point in QL.
Theorem 4.5 (Global minimality). Let d ≥ 1 and µ, ν ∈ Pr(Rd), then we have:
1. If L0 is the unique global minimizer and a strict local minimizer of L 7→ θL(α) in Dd for all
α > 0, then, for any α0 > 0, L0 is the unique global minimizer of L 7→ θµL+ν0(α0) in Dd at
a low scale.
2. Let L ∈ Dd. If z0 is a global minimizer and a strict local minimizer of z 7→ θL+z(α) in QL
for all α > 0, then, for any α0 > 0, z0 is a global minimizer of z 7→ θµL+νz(α0) in QL at a
low scale.
The global minimality of L0 and z0 also hold at all scales if µ, ν ∈ Pcmr (Rd).
Proof. Let us prove the first part of the theorem and let us start with the case µ, ν ∈ Pcmr (Rd). If
L0 is the unique global minimizer of L 7→ θL(α) for all α > 0, then, by Lemmas 3.4 and 3.6, L0 = L∗0
is the unique global minimizer of any lattice energy of the form Ef where f ∈ CMd. Furthermore,
it has been proved in [12, Lem. 10] that µ ∈ Pcmr (Rd) ⇐⇒ µˆ ∈ Pcmr (Rd). Therefore, as the set
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of completely monotone functions is stable by product, we have µˆνˆ ∈ Pcmr (Rd) and it follows from
the complete monotonicity of t 7→ e−βt for any β > 0 that h : t 7→ e−pit/α0t1−d/2gµ(
√
t)gν(
√
t) is
completely monotone. Therefore, L0 is the unique global minimizer of L 7→ θµL+ν0(α0) for any
fixed α0 > 0.
For µ, ν ∈ Pr(Rd), the proof is again a generalization of [12, Thm. 2]. We first remark that
any minimizer of L 7→ θµεL+νδ0 (α0) belongs to a ball of center L0 with a finite radius. Indeed, this
fact is proved in [12, Lemma 12] in dimension d = 2 and is directly generalizable to any dimension
by bounding below |p|2, p ∈ L, by |p′|2 where p′ ∈ Lλ = λ−1Z ⊕ Λ for some λ ≥ 1 which is also a
parameter of L, once the lattice is parametrized by nd parameters as explained in Section 2, and
Λ ∈ L◦d−1. We therefore get
θµεL+ν
δ
0
(α0) ≥ θµεLλ+νδ0 (α0) ≥
∫∫
Rd×Rd
∑
m∈Z
e−piα0|λ
−1(m,0,...,0)+x−y|2dµε(x)dνδ(y)→ +∞
as λ → +∞. The same can be done in all the unbounded directions of the fundamental domain
Dd, proving that the global minimizer necessarily belongs to a compact subset of Dd, for example
a closed ball containing L0 that we will note K.
In the following, we write, as in (4.4),
Ehε,δ [L] :=
∑
p∈L
hε,δ(|p|2), hε,δ(r) = gµ
ε(
√
r)gνδ(
√
r)
(εδr)
d
2
−1 e
− pir
α0 , (4.6)
and we recall that minimizing L 7→ θµεL+νδ0 (α0) is equivalent with minimizing L 7→ Ehε,δ because,
by Lemma 3.4, L0 = L
∗
0. As in [12], we claim there exists h˜ε,δ such that, for any L ∈ K,∣∣∣Eh˜ε,δ [L]− Ehε,δ [L]∣∣∣ ≤ C max{ε, δ}2, as ε, δ → 0, (4.7)
E
h˜ε,δ
[L]− E
h˜ε,δ
[L0] ≥ Cd(L,L0)2, (4.8)
for some constant C > 0 independent of ε, δ. If (4.7)-(4.8) hold, then, for any L ∈ K,
Ehε,δ [L]− Ehε,δ [L0] ≥ Cd(L,L0)2 − 2C max{ε, δ}2.
Thus, for any L ∈ K such that Ehε,δ [L] ≤ Ehε,δ [L0], this implies that d(L,L0) ≤ C max{ε, δ} which
contradicts the strict local minimality of L0 for sufficiently small ε and δ. To construct h˜ε,δ, the
idea is to approximate
kε,δ(r) := hε,δ(r)e
pir
α0 = k1ε(r)k
2
δ (r), k
1
ε(r) :=
gµε(
√
r)
(ε
√
r)
d
2
−1 , k
2
δ (r) :=
gνδ(
√
r)
(δ
√
r)
d
2
−1 ,
by a bounded completely monotone function k˜ε,δ = L[mε,δ] such that mε,δ is a positive measure with
a compact support, k˜ε,δ(0) = 1 and ‖k˜′ε,δ‖ ≤ C. It is indeed sufficient to apply the method described
in [12, proof of Thm. 2] to k1ε and k
2
δ that are then approximated respectively by k˜
1
ε = L[mε] and
k˜2ε = L[mδ] and where mε,δ = mε ∗mδ. We therefore get, for any r > 0,∣∣∣kε,δ(r)− k˜ε,δ(r)∣∣∣ ≤ C min{max{ε, δ}2r, 1}. (4.9)
Defining h˜ε,δ(r) := k˜ε,δ(r)e
− pir
α0 , we then have∣∣∣Eh˜ε,δ [L]− Ehε,δ [L]∣∣∣ ≤ ∑
q∈L∗
e
−pi|q|2
α0
∣∣∣kε,δ(|q|2)− k˜ε,δ(|q|2)∣∣∣
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≤ C
∑
q∈L∗
min{max{ε, δ}2|q|2, 1}e−
pi|q|2
α0
≤ C max{ε, δ}2,
by the exponential decay of the lattice theta function and where C does not depend on the lattice
L ∈ K. Therefore, (4.7) is proved. For the second inequality, we have
E
h˜ε,δ
[L]− E
h˜ε,δ
[L0] ≥ Cd(L,L0)2,
for a constant C independent of ε and δ. Indeed, it is a consequence of the fact that h˜ε,δ = L[mε,δ]
and mε,δ has a compact support and then follows by the strict local minimality of L0 for L 7→ θL(α)
for all α > 0, which implies the same strict local minimality for any Ef where f ∈ CMd (see Lemma
3.6), and in particular for E
h˜ε,δ
(see [12, Section 2.2] for details).
Let us prove the second part of the theorem and let us begin again with µ, ν ∈ Pcmr (Rd).
The proof uses the same ingredient as the previous one. Indeed, if z0 is a global minimizer of
z 7→ θL+z(α) in QL for all α > 0, then by Lemma 3.6 the same holds for
z 7→ Ef [L+ z] =
∑
p∈L
f(|p+ z|2),
where f ∈ CMd. Let α0 > 0, then by the generalized Jacobi Transformation Formula (3.2), we
have, for some constant Cα0,d > 0,
θµL+νz(α0) = Cα0,d
∑
q∈L∗
h(|q|2)e2ipiq·z,
for a completely monotone function h ∈ CMd, as explained previously. We therefore obtain, by
Poisson Summation Formula (see e.g. [45, Appendix A]),
θµL+νz(α0) = C˜α0,d
∑
p∈L
hˆ(|p+ z|2).
Since h is completely monotone, then hˆ is completely monotone by [12, Lem. 10] and therefore z0
is a global minimizer of z 7→∑p∈L hˆ(|p+ z|2) by Lemma 3.6, which concludes the proof.
Let us now consider µ, ν ∈ Pr(Rd). For convenience, we define, for fixed α0 > 0 and L ∈ Dd,
Fhε,δ(z) :=
∑
q∈L∗
hε,δ(|q|2) cos(2piq · z),
where hε,δ is defined by (4.4). We again recall that minimizing z 7→ θµL+νz(α0) is equivalent with
minimizing Fhε,δ . We remark that, for h˜ε,δ defined above, we have, for any z ∈ QL,∣∣∣Fh˜ε,δ(z)− Fhε,δ(z)∣∣∣ ≤ C max{ε, δ}2, as ε, δ → 0 (4.10)
F
h˜ε,δ
(z)− F
h˜ε,δ
(z0) ≥ C|z − z0|2, (4.11)
for some constant C > 0. Inequality (4.11) follows from the strict local minimality of z0 for
z 7→ θL+z(α0). Therefore, for any z ∈ QL,
Fhε,δ(z)− Fhε,δ(z0) ≥ C|z − z0|2 − 2C max{ε, δ}2.
Thus, for any z ∈ QL such that Fhε,δ(z) ≤ Fhε,δ(z0), this implies |z − z0| ≤ C max{ε, δ} which is
not true for sufficiently small ε and δ by the strict local optimality of z0 in QL previously shown in
Theorem 4.3.
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Remark 4.6 (Difference between ε and δ). An interesting property is the fact that ε and δ can be
chosen with different scales – for instance ε = 1/n and δ = 1/
√
n – as long as they are below the
critical values ε0 and δ0.
Remark 4.7 (Periodic configurations). It is also important to notice that these results are also true
for periodic configurations, i.e. unions of Bravais lattices – like the honeycomb lattice H defined by
(2.7) – where ε0 and δ0 also depend on the number of points per unit cell P of the lattice (ε0(P )
and δ0(P ) are decreasing functions of P ). Since the only example we treat in that direction is H,
we have preferred stating all our results for Bravais lattices.
Remark 4.8 (Global minimizer of the lattice theta function). Notice that the minimizer of L 7→
θL(α) in Dd is known to be the same for all α > 0, so far, only in dimension d ∈ {2, 8, 24} as proved
in [28, 52]. In these dimensions, the minimizers are, respectively, the triangular lattice Λ1, E8 and
the Leech lattice.
Remark 4.9 (Global minimizer of the translated lattice theta function). Few results are already
known concerning the minimization of z 7→ θL+z(α), where L ∈ Dd is fixed:
1. In dimension d = 2, if L = Λ1, then Baernstein [3] proved that the barycenters z1 =√
2√
3
(
1
2 ,
1
2
√
3
)
and z2 =
√
2√
3
(
1, 1√
3
)
of the primitive triangle composing QΛ1 are the unique
global minimizers of z 7→ θΛ1+z(α) for all α > 0.
2. For any d ≥ 1, we proved in [13, Prop. 1.3] (see also [11, Prop. 3.7]) that the center
ca =
1
2(a1, ..., ad) of the primitive cell QZda of the orthorhombic lattice Z
d
a defined by (2.4) is
the unique global minimizer of z 7→ θZda+z(α) for all α > 0.
Applications of these results will be shown in the next section, as well as the optimality of the
center of the primitive hexagon in the honeycomb lattice case, using Baernstein’s theorem.
Furthermore, if z0 is a global minimizer of z 7→ θL+z(α) for all α > 0, then it is the case as α→ +∞
and it turns out that z0 is necessarily a deep hole of L, i.e. a solution of the following optimization
problem:
max
z∈Rd
min
p∈L
|z − p|, (4.12)
as we proved in [13, Thm 1.5]. Therefore, since this property does not necessarily hold as α → 0
(see e.g. in dimension d = 2 in [13, Thm 1.6] for asymmetric lattices), the global minimizer of
z 7→ θL+z(α) is not necessarily the same for all α.
5 Applications to particular lattices
We finally apply the previous results to some particular lattices defined by (2.2)-(2.5) as well as
D4, E8, the Leech lattice and D
+
d . This is the perfect opportunity to recall the main results that
are currently known about the local and global minima of the (translated) lattice theta functions,
which are now generalized to the masses interactions case.
Montgomery [52] proved the minimality of Λ1 in D2 for L 7→ θL(α) for all α > 0. Furthermore,
as recalled in the previous section, Baernstein [3] proved the minimality of the two barycenters of
the primitive triangles composing QΛ1 for z 7→ θΛ1+z(α) also for all α > 0. Therefore, applying
Montgomery’s theorem, Baernstein’s theorem, and our main results, we extend the minimality of
Λ1 and its barycenters to Gaussian masses interactions. Notice that the µ = ν, z = 0 case has been
already proved in [12].
Corollary 5.1 (The triangular lattice). Let d = 2 and Λ1 be defined by (2.2). We then have:
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1. For any µ, ν ∈ Pr(R2), Λ1 is a critical point of L 7→ θµL+ν0(α) for all α > 0. Moreover, for
all α0 > 0, Λ1 is a global minimizer of L 7→ θµL+ν0(α0) in D2 at a low scale. Furthermore, if
µ, ν ∈ Pcmr (R2), then the global minimality holds at all scales.
2. Let z1 =
√
2√
3
(
1
2 ,
1
2
√
3
)
and z2 =
√
2√
3
(
1, 1√
3
)
be the barycenters of the primitive triangles
of QΛ1, then, for any µ, ν ∈ Pr(R2), z1 and z2 are critical points of z 7→ θµΛ1+νz(α) in QΛ1
at all scales. Furthermore, for any α0 > 0, z1 and z2 are the unique global minimizers of
z 7→ θµΛ1+νz(α0) in QΛ1 at a low scale. Moreover, if µ, ν ∈ Pcmr (R2), then the minimality of
z1 and z2 holds at all scales.
Remark 5.2 (Importance of the triangular lattice). The triangular lattice arises in many physical
models such as Bose-Einstein Condensates [2], Superconductivity [62], Coulomb Gases [63] or di-
block copolymer interaction [24]. We also recall that Λ1 is conjectured (see Cohn and Kumar [26,
Conjecture 9.4]) to be the unique minimizer of the lattice theta function among periodic configu-
rations (not only among Bravais lattices) of fixed density. Furthermore, Λ1 can also be viewed as a
layer of a FCC or BCC lattice potentially shifted by a vector parallel to z1 or z2, as explained in [13,
Sect. II.2]. Then, as already discussed in [9], Corollary 5.1 is of great interest for the understanding
of BCC and FCC stability in the smeared out particle case, using dimension reduction techniques
as in [13].
As recalled in Remark 4.7, the fact that all our results are also true for periodic configurations
(instead of Bravais lattices) is a straightforward generalization. Thus, we show the following result,
using Baernstein’s theorem [3, Thm. 1], for the honeycomb lattice H.
Proposition 5.3 (The honeycomb lattice). Let d = 2, and H be defined by (2.7) with the primitive
hexagon H containing the center z0 =
√
2√
3
(
1
2 ,
1
2
√
3
)
. Then, for any µ, ν ∈ Pr(R2), z0 is a critical
point of z 7→ θµH+νz(α) in H at all scales. Furthermore, z0 is the unique global minimizer of
z 7→ θµH+νz(α) in H at a low scale. Moreover, if µ, ν ∈ Pcmr (R2), then the minimality holds at all
scales.
Proof. It is sufficient to show the µ = ν = δ0 case and to apply Theorem 4.5. We have (see (2.13)),
θH+z(α) =
1
2
(θΛ1+z(α) + θΛ1+u+z(α)) . (5.1)
Since z 7→ θΛ1+z(α) have two global minimizers in QΛ1 that are the barycenters of the primitive
triangle of QΛ1 , we obtain that, for any z ∈ H,
θΛ1+z(α) ≥ θΛ1+z1(α).
Furthermore, by symmetry, z1 + u = z2 is the second gobal minimizer of z 7→ θΛ1+z(α) and we get,
for any z ∈ H,
θΛ1+u+z(α) ≥ θΛ1+z2(α) = θΛ1+u+z1(α).
We therefore have proved that
θH+z(α) ≥ θH+z1(α),
and z1 is the unique global minimizer of z 7→ θH+z(α) in H for all α > 0, by symmetry.
Remark 5.4 (Gaussian interaction between Lithium atom and Graphene sheet). The Gaussian
interaction between a mass and a honeycomb structure is physically relevant. For instance, in
[43], the authors have been designed a Gaussian approximation potential modelling the interaction
energy between a Lithium atom and a Graphene sheet structure. This has been done by applying
Machine Learning to Density Functional Theory reference data. Our result gives the exact location
of the Lithium atom minimizing the Gaussian interaction with a Graphene sheet.
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Figure 4: Minimizer z0 of z 7→ θH+z(α) in a primitive hexagon H. The black dots represent Λ1 and
the grey one represent Λ1 + u.
Because of the particular role of the cubic lattices Zd and their orthorhombic deformations Zda
defined by (2.4), we have summarized all the results related to them in the following corollary. The
first point is an easy consequence of [9, Prop. 5.1], the second point is based on [52, Thm 2] and
the third point follows from [13, Prop. 1.3].
Corollary 5.5 (Cubic and Orthorhombic lattices). Let d ≥ 2, then
1. For any µ, ν ∈ Pr(Rd), Zd is a critical point of L 7→ θµL+ν0(α) in Dd at all scales.
2. For any µ, ν ∈ Pr(Rd) and any α0 > 0, a = (1, 1, ..., 1) is the unique minimizer of a 7→
θµZda+ν0
(α0) in {(a1, ..., ad) ∈ (0,+∞) :
∏d
i=1 ai = 1} at a low scale, i.e. Zd is the unique
minimizer of L 7→ θµL+ν0(α0) among orthorhombic lattices at a low scale. Moreover, if
µ, ν ∈ Pcmr (Rd), the minimality holds at all scales.
3. Let (a1, ..., ad) ∈ (0,+∞) be such that
∏d
i=1 ai = 1 and ca :=
1
2(a1, ..., ad) be the center of
QZda. Then, for any µ, ν ∈ Pr(Rd), ca is a critical point of z 7→ θµZda+νz(α) in QZda at all
scales. Furthermore, for any α0 > 0, ca is the unique global minimizer of z 7→ θµZda+νz(α0) in
QZda at a low scale. Moreover, if µ, ν ∈ Pcmr (Rd), the minimality holds at all scales.
Remark 5.6 (Octahedral site of the cubic lattice). In the cubic case (a1, ..., ad) = (1, ..., 1), the
center c = (1/2, ..., 1/2), also called the octahedral site of Zd, is indeed the preferred location to add
an extra atom in order to create, for example, an ion (like the CsCl which has a BCC structure).
In [13], it has been proved, using a computer assisted method, that D∗3 (resp. D3) is a strict
local minimizer of L 7→ θL(α) for any α ∈ A (resp. α ∈ B) defined by
A := {0.001k : k ∈ N, 1 ≤ k ≤ 1000}, B := {1/x : x ∈ A} . (5.2)
We also proved in [9, Thm. 1.3] that the same result holds for extremal values of α, i.e. if α > α1
(resp. 0 < α < α−11 ) for D3 (resp. D
∗
3), for some α1 > 1. Moreover,we also add that D3 and D
∗
3
appear to be saddle points for the lattice theta function respectively for α < α−12 and α > α2.
Applying Theorem 4.3 to these specific α, we get the strict local minimality of these lattices for
measures that are sufficiently concentrated around the lattice points, where the threshold values ε0
and δ0 only depend on µ, ν, the maximum of A and B or on α1 (see Remark 4.4).
Corollary 5.7 (The FCC and BCC lattices). Let µ, ν ∈ Pr(R3), we have:
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1. The lattices D3 and D
∗
3 are critical points of L 7→ θµL+ν0(α) in D3 at all scales.
2. Let A,B be defined by (5.2). For any α0 ∈ A (resp. α0 ∈ B), D∗3 (resp. D3) is a strict local
minimizer of L 7→ θµL+ν0(α0) on D3 at a low scale. Furthermore, ε0 and δ0 only depend on
µ, ν, a = maxA and b = maxB.
3. There exists α1 > 1 such that for any α0 ∈ (α1,+∞) (resp. α ∈ (0, α−11 )), D3 (resp. D∗3)
is a strict local minimizer of L 7→ θµL+ν0(α0) at a low scale. In the D∗3 case, ε0 and δ0 only
depend on µ, ν and α1.
Remark 5.8 (Conjecture for D3 and D
∗
3 in the soft case). We also notice that, according to Sarnak
and Stro¨mbergsson [64, Eq. (43)], D3 (resp. D
∗
3) is expected to be a global minimizer of L 7→ θL(α)
in D3 for any α ≥ 1 (resp. α ≤ 1). Corollary 5.7 and the fact that the only three-dimensional
“volume-stationary” lattices are Z3,D3 and D3∗ (see [10, Section 3]) supports this conjecture for
the soft lattice theta function.
Remark 5.9 (Minimality of D3 and D
∗
3 among body-centred-orthorhombic lattices). Based on [13,
Thm 1.7], it is also straightforward to prove the global minimality of D∗3 (respectively D3) among
body-centred-orthorhombic lattices (resp. their dual lattices), which are the anisotropic dilations
of the BCC lattice (based on the unit cube) along the coordinate axes by
√
y, 1/
√
y and t. They
are defined by
Ly,t :=
⋃
k∈Z
(
Z(
√
y, 0)⊕ Z
(
0,
1√
y
)
+ (
√
y/2, 1/2
√
y, 0)12Z(k) + k(0, 0, t/2)
)
,
and D∗3 (resp. D3) is the unique minimizer of L 7→ θµL+ν0(α0) in this class of lattices where α0 ∈ A
(resp. B) and t = 1, at a low scale.
Remark 5.10 (Deep holes and BCC/FCC lattices). For L ∈ {D3,D∗3}, the global minimizers of
z 7→ θL+z(α) in QL are expected to be the deep holes of L, solution of (4.12), i.e. z0 = 2− 13 (1, 1, 1)
for D3 and z1 = 2
− 2
3 (1, 1, 0) for D∗3 as well as all their images in QL by symmetry. These locations
are the usual one where a different atom can be added to the structure, in order to create, for
example, an ion. They are also called octahedral sites, as for the cubic lattice (see Remark 5.6).
Finally, the same kind of local results for L 7→ θµL+ν0(α) can be stated for some other special
lattices, based on [33, 34, 64].
Corollary 5.11 (Dimensions d ≥ 4 – Special cases). We have that:
1. D4, E8 and the Leech lattice are strict local minimizers of L 7→ θµL+ν0(α0) on Dd, for all α0 >
0, at a low scale if µ, ν ∈ Pr(Rd) and at all scales if µ, ν ∈ Pcmr (Rd), for the corresponding
dimensions d ∈ {4, 8, 24}.
2. For all odd integer d ≥ 9, there exists αd such that for any α0 > αd, D+d is a strict local
minimizer of L 7→ θµL+ν0(α0) on Dd at a low scale if µ, ν ∈ Pr(Rd).
3. E8 and the Leech lattice are global minimizers of L 7→ θµL+ν0(α0) on Dd, for any α0 > 0,
at a low scale if µ, ν ∈ Pr(Rd) and at all scales if µ, ν ∈ Pcmr (Rd), for the corresponding
dimensions d ∈ {8, 24}
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